The canonical Cosmological Time Function (CTF) is a tame global time function on matter-free maximal globally hyperbolic (2 + 1) spacetimes with compact space of genus g. In particular, when g ≥ 2, (CFT) is a solution of a relaxed constant mean curvature evolution problem; the connected components of a dense open set in each level surface S a have both intrinsic and extrinsic constant curvature; each S a has the Marked Length Spectrum equal to the spectrum of a surface of constant negative curvature. The Asymptotic States of (CFT) recover and decouple the linear and the translational parts of the Geometric Holonomy of spacetime. The "initial singularity" can be interpreted as an isometric action of the space fundamental group on a real tree or, dually, in terms of the Marked Measure Spectra of measured laminations on the (CFT) level surfaces. Dual large-scale effects of the geometry of a non trivial initial singularity manifest themselves as lack of smoothness of the level surfaces embedding into the spacetime. The orbit in the Teichmüller space of any (CTF) is a real analytic curve connecting an interior point (associated to the linear part of the holonomy) with a point on Thurston natural boundary (associated to the initial singularity). (3+1) examples with similar (CTF) properties are presented.
1 Introduction.
The main topic of this paper are the Maximal Globally Hyperbolic Spacetimes M with the topological type S × R where S is a compact closed surface of genus g ≥ 1. In fact we will be concerned with matter free spacetimes and we always assume that the cosmological constant Λ ≤ 0. We will work in a "classical" framework.
Let us assume for a while that Λ = 0. Mostly after [D-J-'tH] and [W] , a large amount of literature has grown up about this (2+1)-gravity topic; two main kinds of description have been experimented, the Cosmological approach (roughly, the approach pointing to determine some privileged global time function) and a Geometric and Time-Free approach which eventually identifies a spacetime by means of its geometric holonomy; (2 + 1)-spacetimes are commonly regarded as a useful toy models for the hard (3 + 1)-theory.
Whence one could believe that very few things would remain to say. This is not completely true because (with the exception of the case with genus 1 space, which will deserve anyway a treatment in the own perspective of this paper), there is not, at least to our knowledge, a clear explicit "dictionary" between the results obtained in the two approachs, though they are "abstractly" coherent (for instance they predict the same degrees of freedom etc.).
The main aim of this paper is to show that this gap can be solved by using the canonical Cosmological Time Function (CTF) that is the length of time that the events of M have been in existence (see [A-G-H]) . To give precise statements we need the notions we will develop later, however few rough anticipations are in order: we will show that this is a sufficiently tame global time function (though in the general and generic case, when the spacetimes have genus g ≥ 2 space, the costant-time surfaces are only C 1 -space-like embedded in M). We stress that the (CTF) is not a sort of gauge fixing, it is canonically defined by means of the very basic structures of spacetime (its casual structure and the Lorentz distance). In particular its asymptotic states (properly defined later) are intrinsic features of the spacetime; in fact, they provide the dictionary between this cosmological description of M and its geometric and time-free description. The study of the asymptotic states of the (CTF) also leads to a rather deep analysis of the "initial" singularity -providing the space is future expanding, as we will always assume -and the way how the "classical physics (geometry)" degenerates, but does not completely disappear in it.
The solution of the global evolution problem through constant mean curvature spacelike hypersurfaces of M (in other words, the privileged global time is now the extrinsic mean curvature itself, (CMCTF)), is another remarkable, widely investigated solution of cosmological type (see [Mo] , [A-M-T] ). The (CMCTF) is a smooth (i.e. C ∞ ) regular function so, in that respect, it could be considered better than the (CTF), when the space genus is ≥ 2 (for g = 1, we will see that (CTF) and (CMCTF) essentially coincide). On the other hand, we note that the dictionary between (CMCTF) and the Geometric description in not yet well understood, in contrast with what we are claiming for (CTF); in fact we will conjecture that (CTF) and (CMCTF) have the same asymptotic states so that they would share the same dictionary.
Roughly speaking, we will see that the (CTF) is actually a sort of solution of a relaxed (CMC) global evolution problem. Each constant-time surface S t of (CTF) contains a dense open subset U t which is smoothly embedded in M as a space-like surface; each component of this open set is of constant mean curvature and it (essentially) coincides with the (inverse of the) time value.
The fact that (CTF) generically does not lead to a smooth fibration of M, should be considered a chance rather than a defect. In fact we will see that the real meanig of (CTF)'s lack of smoothness is that to be a "dual" large scale effect of the intrinsic geometry of the initial singularity hence one could, in principle, derive information on the initial singularity (for instance if it is or not reduced to one point) by means of measurements performed at big values of (CTF). Forcing a privileged global time to produce a smooth fibration (maybe, just to make a more confortable use of traditional analytic tools) could hide that remarkable opportunity. For example, even assuming that our conjecture holds, using the (CMCTF) one could detect the initial singularity structure only past-asymptotically, that is at very small values of (CTF).
When Λ < 0 and g ≥ 2 we normalize the cosmological constant so that each spacetime is locally anti de Sitter. We will show a natural construction which, by a warping and doubling procedure, associates to each locally Minkowskian (Λ = 0) spacetime M one locally anti de Sitter spacetime D(M); the (CTF) of D(M) is qualitatively similar to the (CTF) of M, but one has now both an initial singularity (equal to the initial singularity of M) and a final singularity of the same type.
In order to show that such a behaviour of (CTF) is not a peculiar occurence only for (2 + 1) gravity, we will produce several examples of (3 + 1)-spacetimes with (CTF) presenting the same phenomenology of the (2 + 1)-ones. In doing this, it will be natural to consider more general geometric spaces, that is locally homogeneous compact spaces not necessarily of constant curvature. In particular we will show examples of expanding (3 + 1)-spacetimes such that the level sets S a of the (CTF) are asymptotically flat (zero curvature) for a → ∞, neverthless sufficiently accurate measurements at any value a of (CTF) would reveal again the dual effects (in terms, for instance, of lack of smoothness of the embedding) of a non trivial initial singularity. Recently, more and more accurate measurements of the background radiation, would potentially open some windows on fundamental properties of our actual spacetime X such as the space curvature or its topology, the value of the cosmological constant and so on. As always, the model used in order to organize the experimental data is not a neutral stuff. Very roughly, we could summarize the currently used model as follows: in a first approximation, the spacetime is meant to respect a global smooth cosmological evolution of Kerr type; constant-time hypersurfaces (which are also level hypersurfaces with respect to the measurements) are assumed to be smoothly embedded in X and of costant intrinsic sectional curvature (varying with the time but keeping its sign); the time can be thought as our (CTF) . To evaluate how all these model requirements are demanding, it is useful to test it on our (2 + 1)-toy models (g ≥ 2), or on those (3 + 1)-examples we have mentioned. It turns out that the only spacetimes satisfying all the requirements are those having the initial or final singularity reduced to one point (called Minkowskian or anti de Sitter Suspensions in section 3); this is rather restrictive. On the other hand we will see that generic (2 + 1)-spacetimes fulfil the above requirements, providing a somewhat relaxed version of them: the above smoothly embedded open dense set U t in each (CTF)-constant surface S t , is of constant negative intrinsic curvature, k t say; moreover, if S t is endowed with the induced length-space structure (as S t is a C 1 -Riemannian manifold), then the conjugacy classes of the fundamental group of S t have the Marked Length Spectrum which coincides with the spectrum of a suitable Riemannian metric on S t of constant negative curvature k t . So one could ask if such a kind of model relaxation would be pertinent and useful also for (3 + 1) gravity.
Teichmüller Space (considered from both the conformal and the hyperbolic viewpoints) has been recognized as the fundamental structure underlying both the (CMC) cosmo-logical approach and the time-free one. It is a remarkable fact that Thurston's theory of the natural boundary of Teichmüller Space actually underlies the dictionary between the (CTF) cosmological description and the geometric one. The amazing fact will be that (CTF) of spacetimes (g ≥ 2) actually materialize all the facets of the natural boundary theory (as well as for g = 1, Λ = 0, they materialize the Teichmüller Compactification).
The main motivation and purpose of the present paper consist in stressing and elucidating the central role of the Cosmological Time Function and its Asymptotic States. We acknowledge a lot of credits to the dense G. Mess paper [Me] . In several occasions, we have reinterpreted in our perspective his results.
For the basic notions of Lorentzian Geometry and Causality we will refer to [B-E] , [H-E] and [Pe] avoiding precise quotations.
The Cosmological Time Function.
Let N be a time oriented Lorentzian manifold of dimension n + 1. The Cosmological Time Function (CTF) τ :
where p is in the causal past J − (q) of q, and d is the Lorentz distance. In other words, if C − (q) denotes the set of past-directed causal curves in N that start at q, then we have
where L is the Lorentz length. Roughly speaking τ (q) is the length of time the event q has been in existence.
In general it is a rather "wild" function; for example if N is the standard flat Minkowski space M n+1 , τ is the constant ∞-valued function, so it is not very interesting. In [A-G-H] (see also [W-Y] ) one studies the properties of a manifold N with tame (in [A-G-H] they use the term regular) (CTF). Recall that τ is tame if: 1) τ (q) is finite valued for every q ∈ N; 2) τ → 0 along every past directed inextendible causal curves.
The fact that τ is tame has strong consequences on the structure of N. We summarize some of them (see [A-G-H] 
a) N is globally hyperbolic. b) τ is actually a time function that is it is continuos and strictly increasing along future-directed causal curves. c) For each q ∈ N there exists a future-directed timelike unit speed geodesic ray (i.e. it is maximal on each segment on the ray) γ q : (0, τ (q)] → N such that:
d) τ is locally Lipschitz with first and second derivatives existing almost everywhere.
The non empty level sets S a = {q : τ (q) = a} are not in general smoothly embedded spacelike hypersurfaces, neverthless they have nice regularity properties that we now summarize.
e) Each S a is a future Cauchy surface. f) For each q ∈ S a one can find adapted local coordinates on N centred at q, x 1 , . . . , x n+1 , such that the form of the Lorentzian metric g becomes
and S a is locally given as a graph
where −f is a quasi convex function, i.e. it is continuous and there exists a smooth convex function u such that f + u is convex. By well known facts of convex analysis this implies that f has first and second derivatives almost everywhere.
The "initial singularity" of a such a manifold endowed with a tame (CTF) can be thought as follows: consider the universal covering p : N * → N; the (CTF) τ on N lifts to a tame (CTF) τ * on N * . The restriction of the projection p to each level set S * a of τ * gives the universal covering of S a . The fundamental group π(S 1 ) acts on N * with quotient N, and on each S * a with quotient S a . For each x ∈ S * 1 set x a , a ≤ 1 the point on S * a of maximal Lorentz distance from x; set δ(x, y) = lim a→0 d a (x a , y a ), x, y ∈ S * 1 . where d a is the natural distance on S * a . Stipulate that x, y are equivalent iff δ(x, y) = 0; the quotient set Σ(N * ) can be regarded as the initial singularity of N * (it consists of the "initial" ends of the above rays, identifying rays which are asymptotic each other). δ induces on it a metric space structure and π(S 1 ) acts on it by isometry. In a sense the action of π(S 1 ) on each S * a degenerates to the action on this metric space. Σ(N), as a bare topological space is obtained by passing to the quotient, but it is much more meaningful to keep track of those limit action. We will see that a globally hyperbolic matter-free (2 + 1)-spacetime M of the type mentioned in the introduction actually has a very tame (CTF), and its initial singularity can be accurately described.
3
Local models of Spacetime and of Space. The global Holonomy.
By (n + 1)-matter-free-spacetime we mean a time-oriented Lorentz manifold (N, g) which satisfies the Einstein equation for a fixed cosmological constant Λ and fulfils (at least) the causal condition to be Chronological (no closed tymelike curves). For simplicity, we also assume that N is space-oriented.
When Λ = 0, N is Ricci flat. It is a peculiar property of (n+ 1) = (2 + 1) that Ricci-flat does imply Riemann-flat, thus such a (2 + 1)-spacetime N and the standard Minkowski space M 2+1 are locally isometric.
We stipulate that on M n+1 standard coordinates, (x 1 , . . . , x n+1 ), are given so that the metric is (dx
is oriented and time-oriented as usually. Of course Riemann-flat make a special class of spacetime for any (n + 1).
The basic models of geometric n-space are given by the simply connected complete Riemannian n-manifolds of constant sectional curvature k that we can normalize to be 1, 0, −1. Up to isometry, they are respectively the unit sphere S n in the Euclidean space R n+1 , the Euclidean space R n , the Hyperbolic space H n . For H n it is convenient to use several models (related each other by natural explicit isometries); we recall the Hyperboloid model
with the induced Riemannian metric. Other useful models are the Poincaré Disk or Halfspace models and the Klein projective model (see for instance chapter A of [B-P] ). On R n we fix standard coordinates, x 1 , . . . , x n , and the metric is given by (dx
; the space is oriented in accordance with. S n is oriented by the convention of the "outward ponting normal vector", I
n by the convention of the "future pointing normal vector".
An n-space of constant curvature is a Riemannian n-manifold (S, h) locally isometric to one of the above basic models. For the sake of simplicity we will assume that the spaces are also oriented and the local isometries respect the orientation. Accordingly with the curvature we say that (S, h) is respectively locally ellyptic or spherical, locally flat or Euclidean, locally hyperbolic. Similarly a Riemann-flat spacetime is also called locally Minkowskian.
There is a convenient unified formalism to treat all such a kind of locally something objects (see for instance chapter B of [B-P] ). Let us denote by X one among R n , S n , M n+1 , H n (or more generally any connected and simply connected oriented real analytic manifold), G the group of orientation preserving isometries of X, also denoted Isom + (X) (more generally a Lie group of orientation preserving analytic automorphisms of X). A (X, G)-manifold Y is a oriented manifold with a maximal atlas (U j , φ j ) such that each φ j : U j → W j is a oriented homeomorphism onto an open set of X and the restriction of every transition map ψ i,j = φ i (φ j ) −1 to each connected component of its domain of definition equals the restriction of some element of G. If p : Y * → Y is the universal covering of Y , a (X, G)-structure on Y naturally lifts to a structure on Y * , so that p becomes a local isomorphism (a local isometry when X is one of our favorite examples). Isomorphisms (isometries) between (X, G)-manifolds are defined in a natural way. There are two important global objects associated to any (X, G)-manifold that we shall use in the sequel:
which is a local isomorphism (isometry) (not a global one in general) well defined up to the left action of G on X.
the Holonomy
which is a group homomorphism (a G-valued representation of the fundamental group π(Y ) of Y -not injective in general) well defined up to conjugation by elements of G.
One can make a suitable choice of representatives of D and h in such a way that they are related as follows:
for every y ∈ Y * and every γ ∈ π(Y ), where on the left member we mean that γ acts on Y * as a covering transformation.
In the case of a compact space of constant curvature, D is actually a global isometry, h is injective and its image Γ is a subgroup of G acting freely and properly discontinuosly on X, so that the space can be identified with the quotient X/Γ. This generalizes to complete (in the metric sense) spaces. So in general one defines that a (X, G)-manifold is complete if its D and h have, formally, the same properties.
Complete (M n+1 , Isom + (M n+1 ))-manifolds make a very special class of manifolds, expecially when the fundamental group is not Abelian (see [D-G] ), but the spacetimes we shall be concerned with, normally, do not belong to it; on the other hand, we shall consider certain (X ′ , G ′ )-complete spacetimes where X ′ is some suitable open subset of M n+1 and G ′ is the group of Minkowskian isometries keeping X ′ invariant. We describe now few basic examples.
Minkowskian Suspensions.
For each 1 ≤ h ≤ n set:
In any cases (CTF) is very tame.
Hence S a is a complete space of constant extrinsic mean curvature equal to (h/n)(1/a), so that (CTF) is also a (CMCTF).
S a is a complete homogeneous space (not of constant curvature if
So, when h = n it is a space of constant curvature (−1/a 2 ). When h = 1 it is flat, isometric to R n . To make it manifest, it is useful to consider the following change of coordinates; set:
endowed with the metric
is an isometry between Π n+1 and I + (1, n). The level set {τ = a} goes isometrically onto S a so it is intrinsecally flat.
The initial singularity can be identified with
The group G ′ = G(h, n) contains the semidirect product
where the factor Isom + (H h ) corresponds to the linear isometries preserving the set
The factor R n−h corresponds to the group of translations parallel to Σ(h, n).
Simple examples of (n + 1)-spacetime which are a (I + (h, n), G(h, n))-complete spacetime (and have very tame (CTF)) are obtained as follows.
where Γ is a group of isometries acting freely and properly discontinuosly. Γ can be thought also as a group of isometries of I + (h, n) and M(S) = I + (h, n)/Γ is the required spacetime. We call it the Minkowskian suspension of S. There is plenty of such examples, for every (h, n), even with compact space. The symplest ones are those obtained starting with S = H × E a product manifold with H locally hyperbolic of dimension h and E locally flat of dimension n − h. Recall that for each h there exist compact H (see for instance E.3 of [B-P]) ; as E we can take any (n − h)-flat torus. Accordingly with Thurston (c.f. [T] , [Sc] ) a n-space geometry is determined by any (X, G) where X is a complete homogeneous Riemannian manifold and one demands the existence of compact (X, G)-complete manifolds. For n = 2, 3, n-geometries have been classified; for n = 2 they are classically the constant curvature geometries, and the Minkowskian suspensions involve two of them; for n = 3 there are eight geometries and the Minkowskian suspensions involve three of them: H 3 , R 3 and H 2 × R. Compact spaces with the last two geometries are well understood; on the other hand, the complete understanding of compact locally hyperbolic 3-manifolds is a main part of the so called Thurston Geometrization Program; anyway we can say that they are "pervasive", that the 3-dimensional hyperbolic geometry is the generic one (c.f. [O] , [T] and also chapter E of [B-P] ). We will come back on this (3 + 1) stuff in section 9.
Γ acts also on Σ(h, n) and the quotient space is the initial singularity of M(S), Σ(M(S)). In certain case (for example when S is a product as before) the singularity is particularly simple, in other cases it is more intricated. In fact there is a rich "hidden" structure than the mere quotient-space topology; we will show it later.
Minkowskian suspensios have (very-very) tame (CFT) but they are not the "generic" situation we have to consider where (CFT) presents some lack of smoothness. We will need a slightly more complicated example ; let r > 0.
where {e i } is the standard basis of R n+1 and
(CTF) is again (very) tame. The initial singularity consists of the segment [0, r] of the x n -axis. τ : I + (n, n, r) → (0, ∞) is a C 1 -function but it is no longer a smooth submersion. Each S a is a C 1 (not C 2 ) embedded spacelike hypersurface which is complete as a metric space (actually as a lenght space); S a fails to be C 2 embedded along two "parallel" totally geodesic hypersurfaces; their complement is made by three pieces, corresponding to A,C and B respectively. The first two are locally as in the I + (n, n) situation, the third as in the I + (n − 1, n) situation. (CTF) could be tought as a (CMCTF) if we stipulate to consider the essential mean curvature obtained to consider only nonzero principal curvatures.
Anti de Sitter Suspensions.
We denote by X n+1 the Universal anti de Sitter Spacetime of dimension n + 1. When n = 2, and Λ < 0, up to a normalization, each spacetime is locally anti de Sitter. In
where h n is the usual Poincaré hyperbolic metric on the open disk B n . D(n) will play, in the anti de Sitter setting, the role of I + (n, n). If S = H n /Γ is a complete locally hyperbolic n-manifold, then Γ isometrically acts also on D(n) and
is called the anti de Sitter suspension of S. Note that (up to a translation) the function t is the (CTF) and it has the same qualitative properties of the canonical time of the Minkowskian suspensions, but we have now both an initial and a final singularity, both reduced to one points. In a sense D(S) is ontained by the Minkowskian suspension M(S) by a procedure of warping and doubling; D(S) M(S) have the same initial singularity; the future asymptotic state of M(S) "becomes" the level surface of the (CTF) on D(S) where the expansion ends and the collapsing begins. Also the anti de Sitter analogous of I + (n, n, r) is easy to figure out.
4
The Teichmüller Equivalence.
The natural equivalence relation on a set of (X, G)-manifolds, of a fixed topological type N 0 , would be the (X, G)-isomorphism (isometry). However, the quotient set (the Moduli Space M (X,G) (N 0 ) ) is often a quite complicated object, so it is convenient to factorize its study in two succesive steps:
1) first consider a bigger and usually simpler quotient space, the Teichmüller Space
under a stronger equivalence relation called the Teichmüller Equivalence;
2) then try to understand M (X,G) (N 0 ) as a quotient of T (X,G) (N 0 ).
In this paper we will work only up to Teichmüller equivalence.
Let us spell it out; manifolds and homeomorphisms are oriented by default; fix a base
such that (φ 2 ) −1 ψφ 1 is isotopic to the identity of N 0 . Note that the Developing map and the Holonomy introduced in the previous section are actually well defined on each equivalence classes.
If we apply this definition to N 0 = F g , a fixed closed surface of genus g ≥ 2, and to (H 2 , Isom + (H 2 )) we get the Classical Teichmüller Space
where we use the apex "H" when we want to stress that we are working with locally hyperbolic structures. When N 0 = F 1 , X = R 2 and one fixes some suitable normalization (for instance imposing that the surfaces area is equal to 1) we get T 1 . Classically
g , g ≥ 1 is also obtained considering the conformal structures (i.e. the Riemann Surface structures) on F g , up to complex analytic diffeomorphism, rather than the constant curvature geometric structures. The two approaches are equivalent grace to the fundamental Uniformization Theorem, but this is a rather implicit result, so it often hard to traslate the results obtained in one environment to each other. For example T C g reveals the complex analytic structure of T g , while T H g better reveals its real analytic nature. However, an implicit dictionary between T H g and T C g does exist and we will often make use of it. A similar Teichmüller equivalence can be defined on any set of Maximal Globally Hyperbolic Spacetimes of a fixed topological type (and with a fixed Λ). In such a case it is preferable to specialize the marking form. The base manifold N 0 is now of the form Z 0 × R where Z 0 is a n-dimensional manifold; let
, is given by a Geroch marking
where: 1) φ is a homeomorphism and δ = tφ is a time function.
2) The level sets of δ are future Cauchy surfaces of N.
Now the T-equivalence runs as above by taking ψ a (oriented and time oriented)
Lorentzian isometry (note that we do not require that ψ is time preserving). Denote
the corresponding Teichmüller space, where "Gr" would evocate "Gravity".
A Cosmological Resolution of T Gr (Z 0 ) consists in detecting some definite Privileged Global Time that is one definite privileged marked spacetime (N, φ) α in each equivalence class α ∈ T Gr (Z 0 ), well defined up to diffeomorphism of Z 0 × R of the form f × id R and isotopic to the identity.
If we consider only locally Minkowkian or anti de Sitter Globally Hyperbolic Spacetimes we can combine the above T-equivalences in an obvious way.
induces an isomorfism between the fundamental groups
is the holonomy, we denote
With the above notations, assume now that n = 2. For each S t , thought not necessarily a space-like smoothly embeddeded surface in N, the embedding is tame and spacelike enough to induce on S t a conformal structure (recall that to find holomorphic solutions of Beltrami equation L ∞ second terms are enough); if f t denotes the obvious diffeomorphism
the 1-parameter family of marked Riemann surfaces
well defines a continuous curve
We call it the orbit of (N, φ) in T g .
This orbit actually depends on the marking and not only on the class α.
However, any cosmological resolution of T Gr (F g ), say θ, induces a well defined distinguished map
We will see that γ is particularly meaningful for the (CTF).
This approach was introduced in [W] ; in [Me] it was precised and reformulated in terms of the geometric holonomy. We will summarize the basic points. With more traditional notations, set
the Poincaré group ISO(2, 1) is the semidirect product
where SO(2, 1) is the linear part and the factor R 3 corresponds to translations. Set also
to mean the subgroup of Minkowskian isometries with the linear part keeping the half-space x 3 > 0 invariant. So
where the first isomorphism follows immediately using the Hyperboloid model I 2 , and the second using the Half-Plane model of H 2 .
For any fixed group G set
Accordingly with the results of section 4, we have a map
that is the holonomy of α.
We stipulate to restrinct our discussion to
This essentially means, as it shall be clear, to consider future expanding spacetimes. We still denote ρ the restriction
Roughly speaking, the Geometric-Time-Free Resolution of T + Gr (F g ) is based on the following facts:
) has a nice feature and gives T + Gr (F g ) a good parametrization. Actually, the main geometric content of (i) consists of the description of ρ −1 ; we will face it later. Now we are going to substantiate (ii). The genus 1 case is peculiar because π(F 1 ) ∼ Z × Z is Abelian. It will be treated separately. Thus we assume now that g ≥ 2.
We have a similar natural map
Recall that each H n as a natural compactification
homeomorphic to a closed (n + 1)-ball, and the action of Isom
) which is the holonomy of a flat S 1 -bundle over F g with its own Euler Number e(δ) (see for instance chapter F of [B-P] ).
It holds:
1) h is injective.
) consists of the faithful representations having as image torsion free discrete subgroups of P SL(2, R) (i.e. subgroups of Isom + (H 2 ) acting freely and properly discontinuously on H 2 ).
) consists of the representations δ with e(δ) = 2 − 2g.
The first two statements are classical facts and essentially follow from the discussion of section 3; the third is a consequence of a deep theorem of Goldman ([Go] ).
We can now describe 1) ) made by the reprentations of the form
It is also clear that
The validity of the equality is a non trivial fact related to the injectivity of ρ (see (i) above). The inclusion R ′ Gr (F g ) ⊂ R g is a consequence of the mentioned Goldman's theorem. It is enough to show that each ρ ′ α has the right Euler number. We can assume that, for a suitable α-representing marked spacetime (M, φ), S 0 is smoothly embedded spacelike. For each x ∈ S 0 let n(x) be the future pointing unit normal timelike vector to S 0 at x.
identifies the unitary tangent bundle of S 0 with the bundle of future pointing null rays. Recalling that S 1 ∞ (in the I 2 model) is given by the future pointing null rays at 0 ∈ M 2+1 , it is not hard to conclude that the flat bundle associated to ρ ′ α is isomorphic to the unitary tangent bundle and so has Euler Number equal to 2-2g. Finally, using the Minkowskian suspensions of section 3, we immediately see that the equality holds. Assuming the point (i) above, this discussion allows to look at T + Gr (F g ) as a bundle over T H g ∼ B 6g−6 . In fact we can identify it with the cotangent bundle of T H g . This can be done using the unique (up to multiplication by a constant factor) invariant bilinear form < , > on the Lie algebra iso(2, 1) defining a natural dual pairing between so(2, 1) and R 3 . In If {(M, φ) α } is any cosmological resolution of T + Gr (F g ), the "dictionary" between it and the geometric, time-free, resolution, that we mentioned in the introduction, would consist in a meaningful way to recover from each (M, φ) α the holonomy ρ α (and reciprocally).
Holonomy Stability. The meaning of the above geometric resolution is that "a spacetime is determined by its holonomy"; geometric holonomies have also an important stability property, which is in fact an importan ingredient of the pure-gravity resolution itself (see next section 7). This stability property hold in general for all (X, G)-manifolds and, for example, is an important ingredient also of the so called Thurston Hyperbolic Dehn-filling Theorem where it is applied to representations "close" to the holonomy of the (unique, if any) complete locally hyperbolic structure of finite volume on a given non compact 3-manifold (see [T3] and also chapter E of [B-P] ). Roughly, stability states that:
representations close to holonomies are holonomies. But we must be a little more accurate. Let N be any (X, G)-manifold; if U is an open set of N then it is also a (X, G)-manifold with the induced structure. Let h U be its
hence, in such a case, U is (X U , G U )-complete, where G U denotes the subgroup of G keeping X U invariant. Assume now that U is a proper subset of V and that V is an open set with compact closure in N. Assume also that the inclusion, j : U → V , induce an isomorphism between the fundamental groups. Then π(U) is finitely presented and if it is generated by say m elements, then Rep(π(U), G) has natural topology "induced" by the product topology on G m (c.f. for instance [M-S] for more details on this topology); so it makes sense to say that representations are close each other. It holds:
If β ∈ Rep(π(U), G) is close enough to h U , then β is still the holonomy of a (X, G)-manifold structure on U, which is uniquely determined by β; the developing map D β :
it can be made arbitrarily close (in the smooth compact-open topology) to D U .
Note that, even if N is complete and if π(U) injects, in general D β is not a global isomorphism, and the last sentence of the above statement must be managed with care .
6
Genus g = 1 Spaces, Λ = 0.
This is the easiest and best understood case due to the fact that the fundamental group π(F 1 ) = Z×Z is simple. One can find it in several sources (see for instance [Ca] , [Me] , [H-N] ). On the other hand, all the main themes of the present paper take room also in the genus 1 case, even if there are some peculiarities. So it is useful, at this point of our discussion, to give an illustrative treatment under this perspective. In fact it was also a particular case of [B-G] where we studied the general (2 + 1)-gravity content of the classical Teichmüller flow; we will refer to it for a more detailed summary of the used Teichmüller theory (see also [Ab] , [Ke] ).
} is a fixed basis of π(F 1 ).
The Geometric Resolution. By straightforward computation one finds in each α ∈ ρ(T + Gr (F 1 )) a normal form representative belonging to one of two kinds of representations.
( (a) corresponds to (M 2+1 , ISO + (2, 1))-complete spacetimes. They are fibred by flat spacelike tori of null mean curvature. The (CTF) is constant ∞. The orbit in T 1 is reduced to a single point. They also can be considered as a sort of Minkowskian suspension of flat tori that are quotient of the plane {x 3 = 0}.
(CTF) and (CMCTF). (b) corresponds to the genus-1-space Minkowskian Suspensions we have already described in section 3, provided with the evident "marking" such that S 0 coincides with {log(τ ) = 0}. As we know, the (CTF) τ is (very-very) tame and coincides with the (CMC) Cosmological Resolution.
The T 1 -orbits. We spend now few words on the map
introduced in section 4 (we prefer to use directly τ avoiding the log). It is a classical fact that
that the Teichmüller metric coincides with the Poincaré metric:
Each w ∈ Π + corresponds to the marked flat torus R 2 /(Z(e 1 ) × Z(w)). If L i (τ ), i = 1, 2 is the lenght with respect to the metric τ 2 dx 2 + dy 2 − dτ 2 on each τ -level planes of ρ i , L 3 (τ ) is the lenght of ρ 2 −ρ 1 , then the orbit in Π + of the corresponding spacetime is the curve
Claim For each τ -marked spacetime, its orbit in Π + is a constant speed geodesic line.
The most meaningful way to see it is to remark that it is exactly an orbit of the Teichmüller flow, with suitable initial data at τ = 1, that is a suitable point (w(1), q(1)) of the Cotangent Bundle of T 1 ; accordingly with Teichmüller Theory q(1) is meant as a quadratic differential on the (marked) Riemann Surface corresponding to w(1). q(1) is geometrically determined as follows: on the plane {τ = 1}, (ρ 1 , ρ 2 ) determines a lattice and hence a flat torus with conformal structure corresponding to w(1); moreover the natural vertical and horizontal measured foliations on {τ = 1} (the trasverse measures are those induced by the flat metric) naturally "pass to the quotient" giving a pair of othogonal measured foliations on the flat torus; they are the measured foliations of the quadratic differential q(1) and the flat metric is just the flat metric associated to it; note also that, "imposing" the orthogonality for such a couple of "transverse measured foliations", it allows to reconstruct, starting from them, the whole couple (w(1), q(1)).
Our claim on the nature of the spacetime orbit is now evident as along τ we see exactly a Teichmüller "stretching" in act. The constant speed coincides with the area of the flat torus at τ = 1 (that is the norm of q (1)). Note that we actually have a curve
in the cotangent bundle.
The asymptotic states, the boundary of T 1 and the initial singularity . A marked flat torus (S, φ) is determined (up to isometry isotopic to the identity) by its marked lenght spectrum: any isotopy class δ of essential simple curves traced on F 1 can be represented (via φ) by simple geodesics on S of the same length. Hence it allows to identify
(this notation was introduced in section 4) with a point
where S denotes the set of isotopy classes of simple curves on F 1 ; this is the Marked Lenght Spectrum of α.
Similarly, for any measured foliation (F , µ) on F 1 we can define its Marked Measure Spectrum that is the point
Consider now a spacetime, as before, with its family (S τ , φ τ ) of flat tori, with their couple F v (τ ), F h (τ ) of vertical and horizontal measured foliations. Thus we have a curve of marked lenght spectra
and it is not hard to show that
Summarizing: asymptotically with respect to the (CTF), the space metric-geometry degenerates to measured foliations geometry .
∞ . This coincides with the boundary of the Teichmüller Compactification of T 1 , and the boundary points have a nice interpretation in terms of (CFT). Each oriented unparametrized geodesic lines in T 1 ∼ H 2 is the support of the orbit of spacestimes which differ each other as follows
for some τ 0 > 0, r > 0. Thus the marked measure spectra of the vertical (resp. horizontal) foliations at τ = 1 are all projectively equivalent, that is represent the same (ray) point of P(R + ) S . This is the meaning of the endpoints of the geodesic line. If we use the Π + model of H 2 , the boundary looks like R ∪ {∞}; the endpoints of a geodesic line give us just the slope (in the standard Cartesian coordinates on Π + ) of the leaves (which are locally straight segments) of the corresponding foliations.
The dictionary between the Geometric and the (CTF) Cosmological Resolution is now complete:
the holonomy leads to the Minkowskian suspentsion which is automatically endowed with the (CFT); on the other hand, a space time can be completely recostructed in a geometric, time-free, way starting from the knowledge of the asymptotic states of the (CTF); these can be encoded by a ordered couple of distinct points on the natural boundary of T 1 (that is the oriented unparametrized geodesic lines supporting the spacetime orbit) and a scale factor corresponding to the area of the flat torus at τ = 1.
Let us look now more closely to the initial singularity. Morally it might be intrinsecally associated with the asymptotic state for τ → 0. On the other hand, we have seen in section 3 that it can be seen as the quotient (in the ordinary Minkowski coordinates) of the x 2 -axis by the action of the isometry group Γ ∼ Z × Z, which realizes the spacetime as I + (1, 2)/Γ. Translatig everything in terms of the u, y, τ coordinates, and keeping the same name for the group, we have to consider the action of Γ on the y-axis and the spacetime is Π 2 /Γ. We want to show the coherence of these viewpoints. The usual family of marked flat tori (S τ , φ τ ) can be thought as a curve in Rep(1, Isom + (R 2 )); when τ → 0 it "degenerates" to an element of Rep(1, Isom + (R 1 )) acting by translation on the x 2 -axis; each simple curve on F 1 (up to isotopy) can be thought as a conjugacy class δ ′ of π(F 1 ); finally the marked measure spectrum of the horizontal foliation (i.e. the asymptotic state for τ → 0) is actually given by
where λ(δ ′ ) is the amplitude of the translation on the x 2 -axis representing δ ′ .
We stress that this way to look at the initial singularity (the asymptotic states) captures much more informations than the mere quotient topology; if the slope is rational the leaves are closed parallel simple curves and the quotient topology is still rather mild; if the slope is irrational all the leaves of the foliation are dense and the quotient topology for the singularity is quite "pathological"; however, in terms of the Marked Measure Spectrum (or equivalently, in terms of the limit representation of π(F 1 )) we keep all such a rich geometric picture.
The spacetimes of type (a) (see the beginning of the section) could be thought as corresponding to zero quadratic differentials; so (up to a suitable scale normalization of the spacetimes of type (a)) it would turn out that T Gr (F 1 ) is identified with the cotangent bundle to T 1 . Neverthless (a)-type spacetimes do not seem, in any natural sense, "limit" of Minkowskian suspensions, so this identification is somewhat misleading.
Finally we want to point out some peculiarity of the genus 1 case. First of all, as already remarked several time, (CFT) coincides with (the inverse of) (CMCTF) and it is perfectly smooth. Each T 1 -orbit of a spacetime is a complete geodesic line (going from the boundary to the boundary); this reflects a more deep feature of T Gr (F 1 ).
Composing the initial data involution
with the time involution τ → 1/τ we get a global involution on T Gr (F 1 ), exchanging (CTF) and (CMCTF).
7 Genus g ≥ 2 Spaces, Λ = 0.
Amog other things, a remarkable consequence of the simplicity of π(F 1 ) has been that the (marked) Minkowskian suspensions actually realize all spacetimes. On the contrary, when g ≥ 2, the (marked) Minkowskian suspensions only realize the peculiar spacetimes such that (using the notations of section 5)
that is those corresponding to the zero-section of the bundle
) that is, via the identifications stated in section 5, the cotangent bundle
So a spacetime with ρ = ρ ′ +θ, with a "small" translation component, could be thought as a "small" perturbation of the Minkowskian suspension associated to ρ ′ ; moreover, extrapolating what we have seen in the genus 1 case, the behaviour of spacetimes on a same ray in the fibre, that is with ρ = ρ ′ + rθ, r > 0, should differ each other only by a scale factor overall. We have to substantiate this guess. We need some preparation. We know that there are two ways to look at the Classical Teichmüller space T H g either using its own definition of section 4) or R g (by the identification stated in section 5). To find a natural boundary one has to understand how, in a proper sense, hyperbolic structures on F g (resp. "nice" representations of π(F g ) in P SL(2, R)) "degenerate" to a boundary point, and to give the boundary points a meaningful interpretation. Measured Geodesic Laminations occur in the compactification of T , which actually applies to more general and higher dimensional situations. Of course, the two approaches are equivalent and this fact involves a nice "duality"between R-trees and measured laminations. We are going to outline the main points of this beautiful theory. We believe that it is useful to do it rather diffusively in order to stress, later, the amazing fact that
(CTF) of genus ≥ 2 spacetimes actually materialize all the facets of the natural boundary theory. In a sense, (2+1)-Gravity constructs the natural boundary.
There are several sources for this theory. We believe that [O] is expecially recommendable reference, we mostly refer to it (and to its bibliography) for all the details.
R-Tress.
An R-tree, also called a real tree, is a metric space (T , d) such that for each couple of points p, q ∈ T there exists a unique arc isometric to the real interval [0, d(p, q)] joining p and q. Locally finite trees with each edge isometric to some real compact interval and endowed with the natural lenght-space distance are the simplest examples of R-trees; they are called simplicial trees; but we must imagine much more complicated (not locally finite and so on) examples. A real tree with its isometry group Isom(T ) has many structural similarities with the hyperbolic spaces H n . In particular there is a classification by types of the isometries of T similar to the classical classification for hyperbolic isometries (see chapter A of [B-P]); if an isometry f of T has a fixed point then it is called of elliptic type and we pose λ(f ) = 0 .
If f has no fixed point then it is called of hyperbolic type; one proves that for such an f there exists a unique complete line in T (i.e. an isometric embedding of the real line R), a f say, which is f -invariant; moreover f acts on a f as a translation; a f is said the axis of f . Set, for any
that is the amplitude of the translation. It is clear that λ(f ) depends only on the conjugacy class of f . Consider now a non trivial isometric action of π(
which we can identify with the natural associated representation
Let us denote by C the set of conjugacy classes of π(F g ) \ {1}; the Marked Amplitude Spectrum of A is the point
In fact λ defines a map
) (see section 5) we define its Marked Length Spectrum as the point
Recall that as F g is compact, each ρ(γ) is of hyperbolic type (in the classical sense) so it has a unique invariant geodesic (up to conjugation), its axis, and it acts on the axis as a translation; again l(ρ) is nothing else than the amplitude of this translation, that is the lenght of the closed (not necessarily simple) geodesic in the compact locally hyperbolic surface H 2 /ρ(π(F g ). The set of essential simple closed curves on F g , up to isotopy, noted S, is a subset of C. There is a unique simple geodesic on H 2 /ρ(π(F g ) in any given s ∈ S and l(ρ)(s) = inf c∈s l(c) l(c) denotes the length of c in H 2 /ρ(π(F g ). The same formula holds considering, up to free homotopy, the closed curves on F g , not necessarily simple, representing a given γ. The main content of the R g -compactification theorem can be stated as follows:
Let (ρ n ) be a sequence in R G ; then up to extracting a subsequence, one realizes one of the following situations:
(a) l(ρ n (γ)) → l(ρ 0 (γ)), for any γ ∈ C, for some ρ 0 ∈ R g (and this is equivalent to the convergence of the corresponding sequence of points of T 
for every γ ∈ C.
Geometric Convergence. The convergence of marked spectra has a deep geometric content (according to Paulin and Bestvina; c.f. the bibliography of [O] ). This can be expressed in terms of the Gromov convergence. Given two metric spaces (Y, d) and (Y ′ , d ′ ) and ǫ > 0 and ǫ-relation is a set R ⊂ Y × Y ′ (i.e. a relation between the two spaces) such that:
(1) the two projections of R to Y and Y ′ are both surjective;
Let G be a group, and {G × Y n → Y n } n≥1 be a sequence of isometric actions of G on the metric spaces Y n . We say that (
in the sense of Gromov, if for every compact subset K 0 ⊂ Y 0 , for every ǫ > 0 and for every finite subset P of G, if n is big enough, there are compact subsets K n ⊂ Y n and ǫ-relations R n between K n and K 0 which are P -equivariant, that is:
It turns out that in the above case (a) we actually have the convergence in the Gromov sense of the sequence of actions on H 2 ; in case (b) the Morgan-Shalen convergence is equivalent to the Gromov convergence for the sequence of actions on ǫ n H 2 .
The actions on a R-tree that arise as limit of hyperbolic structures on F g are not arbitrary. A geometric characterization will be given in terms of measured geodesic laminations. Anyway we already call geometric such a set of actions on R-trees and we denote it GT (F g ).
Geodesic Laminations. Assume that our base F g is also endowed with a base locally hyperbolic structure, so that F g = H 2 /Γ 0 . A complete geodesic on F g is the image in F g , via the covering projection, H 2 → F g , of a geodesic line in H 2 . A geodesic lamination on F g is the union of a family of embedded pairwise disjoint complete geodesics, that cover a compact subset of F g , called the support of the lamination.
A finite union of disjoint simple closed geodesics (called a multi-curve) is the simplest example of geodesic lamination; but we have to imagine much more complicated configurations (think, for example a non compact embedded complete geodesic accumulating on a closed one, and so on). Let us recall few properties: 
Measured Geodesic Laminations.
A measured geodesic lamination on F g is a couple (F , µ) , where the first member is a geodesic lamination and µ is a transverse invariant measure that is it consists of of a Borel measure µ J on each embedded interval J ∼ [0, 1] in F g , transverse to F such that
(1) The support of µ J coincides with F ∩ J;
(2) If J, J ′ are arcs, homotopic through transverse arcs to F , keeping the endpoints either on the same leaf or in the same connected components of F g \ F , then
The simplest measured geodesic laminations are the finite union of disjoint closed geodesics each equiped with a positive "weight". The measure of each transverse interval J is the sum of "Dirac masses" at the intersection points of J with F . The existence of the transverse measure imposes some restriction on the topology of F ; in particular one has:
of F is the disjoint union of a finite number of "sub-laminations" that are either closed geodesics or union of non compact leaves such that each "half-leaf " is dense in the sub-lamination (these sub-laminations are said minimal and those of the second type exceptional minimal).
Let us call ML(F g ) the set of measured geodesic laminations. For each (F , µ) we define its Marked Measure Spectrum as the point
where i(F , µ)(γ) is the measure of the closed (not necessarily simple) closed geodesic in F g , image of the axis of γ, when it is trasverse to F , 0 otherwise (i.e. if it is either a leaf of the lamination or it doesn't intersect it). When s ∈ S then i(F , µ)(s) = inf c∈s µ(c).
So we have a map
The natural boundary. We can now give the qualitative picture of the compactification of T Now, instead of M n+1 , we have the functional space (R + ) C , with the product (weak) topology. In (R + ) C we have the image of the maps defined above (the various marked spectra): λ(GT (F g )), l(R g ), i(ML)(F g )). with the induced topology. Thus it holds:
(c) The natural compactification of T g is obtained adding to l(R g ) the endpoints of the rays in i(ML(F g )), that is
The same result is obtained by using only S instead the whole C. (a) is a classical fact, related to the Fenchel-Nielsen parametrization of T H g (see for instance chapter B of [B-P] ). The meaning of the convergence of a sequence in T H g to a boundary point has been described above if it is thought as an action on an R-tree; it is similar in terms of measured laminations. It still remains to say the geometric meaning of GT (F g ).
Duality between Geometric Trees and Laminations.
Let (F , µ) ∈ ML(F g ). There is a natural construction which associates to it and action of π(F g ) on an R-tree. Consider the minimal sub-laminations of F . For each closed component σ with weight µ(σ), we consider a "small" closed annulus along σ, foliated by the curves on F g at distance ≤ r from σ, such that:
(i) these annuli are disjoint, so that the union of these foliated annuli with the exceptional minimal sub-laminations is now the support of a "lamination" (no longer a geodesic one). Call it (F ′ , µ ′ ). (ii) Moreover we put on each annulus a transverse measure µ ′ inducing on each embedded transverse arc a full measure without "atoms" and with total mass equal to the weight of its core.
Lift it to a measured lamination (F * , µ * ) on the universal covering H 2 . Hence, each leaf of F * is either a geodesic line in H 2 or a complete line at constant distance ≤ r from a geodesic line. If r is small enough it is not hard to see that:
(iii) the closure of disjoint connected components of H 2 \ F * are still disjoint. So we have a partition T of H 2 by closed subsets; they are respectively: the closure of some connected component of H 2 \ F * ; a leaf of F * which is not of accumulation for any component of H 2 \ F * .
(iv) If U, U ′ are disjoint subsets of the first kind, there are p ∈ U, p ′ ∈ U ′ such that the geodesic segment pp ′ is transverse to F * and intersects each leaf at most at one point. Note that pp ′ ∩ F * is made by full intervals (corresponding to annuli lifting) or by Cantor sets produced by the exceptional minimal sub-laminations.
(v) The action of π(F g ) on H 2 induces an action on T .
We want to define a distance d on T so that (T , d ) is a real tree and the action becomes an isometric action. 
is an isometry, so it is a real tree.
The so obtained real tree
is called the dual R-tree of the measured geodesic lamination (F , µ). Nontrivially (the geometric realization of ∆ −1 is less straightforward than ∆), it holds:
In fact there is also an intrinsic characterization of the actions in GT (F g ); they are minimal (i.e. no non empty sub-trees are invariant) and with small edge-stabilizers (i.e. every subgroup with an invariant segment contains an abelian subgroup of finite index). Measured Foliations and Quadratic Differentials. At the beginning of this subsection we have fixed a base locally hyperbolic structure F g = H 2 /Γ 0 ; laminations are geodesic with respect to it and so on; we would like to discuss a little the (in)dependence on this choice. It could be checked directly but we prefer a slightly more conceptual approach. There is a further way to get the natural boundary of T g based on the theory of measured foliations on F g (the best reference is [F-L-P]); recall that we already used such foliations on the torus. To define a measured foliation we need only the differentiable structure of F g , not a locally hyperbolic one. A measured foliation F is a singular ( as g ≥ 2) foliation, that locally looks like (in simply differentiable local coordinates) the horizontal foliations of quadratic differentials for any Riemann Surface structure on F g . Moreover we have an invariant transverse measure µ with a behaviour on embedded transverse arc similar to the measured laminations. Call MF(F g ) * the set of such foliations. Again we have a map, defined in a similar way:
S that is we identify two measured foliations if they are confused as functionals. So one can obtain again all the natural boundary theory, replacing λ (or i) by j. We have a bridge (and also the independence on Γ 0 ) because it holds: Fixed Γ 0 , there is a natural bijection
A similar result holds in terms of quadratic differentials; grace to the Uniformization Theorem F g = H 2 /Γ 0 can be thought also as a base Riemann Surface. Denote Q(F g ) the set of quadratic differentials on F g . Then (Hubbard, see [Ke] ):
which associates to q its horizontal measured foliation, is a bijection.
By the way, this means also that ML(F g ) and GT (F g ) morally are a disguise of a fibre of the cotangent bundle of T g . This two results of "rigidification" (by geodesic laminations or quadratic differentials) of softer objects (the measured foliations) can be seen as relatives of Hodge theory with respect to DeRham Cohomology.
Density of Multicurves and of Simplicial Trees.
We have said that simplicial real trees and multicurves are the simplest examples in the respective class of objects. It is not hard to see that simplicial trees correspond to multicurves via the above "duality" map. It is a remarkable fact that:
multicurves (the corresponding set of simplicial trees) are dense in the natural boundary of T g ; in fact the same result is true even for the simple (connected) closed curves and the corresponding real trees which have edges of constant length.
Spacetime in act.
Several of the following arguments are extracted from [Me] . Fix a marked Minkowskian suspension (M 0 , φ 0 ); to simplify the notations, we stipulate to take M 0 itself as base manifold, so that, φ = id, the universal covering M * 0 = I + (2, 2), the developing map D = id; F g = {τ = 1}, F * g = {τ * = 1}, where τ * is the (CTF) of I + (2, 2); π(F g ) is a subgroup Γ 0 of SO + (2, 1) and
From the Holonomy to the Geometric Realization.
. Assume that θ is "small" enough and apply the discussion on the holonomy stabilty of the end of section 5, to an open set U a = {p ∈ M 0 : 1 − a < τ (p) < 1 + a } for some a > 0. Let D θ be the corresponding developing map and look at S * θ = D θ (F * g ). We claim that (if θ is "small" enough) :
; it is a convex space-like surface; any othogonal projections of S * θ onto a time-like straight line is a proper map. Infact, as D θ is close to id, and F g is compact, it follows that S * θ is complete (with its own Riemannian metric) and is locally convex. As D θ is a local diffeomorphism of F * g onto S * θ , the summersion of F * g to {x 3 = 0}, composition of D θ with the natural projection, is a global diffeomorphism because it is distance increasing ( S * θ is spacelike) and S * θ is complete. So S * θ is the graph of a convex function defined on {x 3 = 0}. Also the last sentence follows.
Remark. Note, by the way, that a similar argument shows that there are not matterfree spacetime with genus g = 0 space (otherwise it would exist a summersion of the sphere S 2 to the plane and this is impossible): spacetimes with genus 0 space are necessarily coupled to particles.
Let X θ be the (complete) dependence domain (c.f. also section 5 of [Pe] ) of S * θ ; Γ 0 + θ acts on X θ so that the quotient space M θ = X θ /(Γ 0 + θ) is a globally hyperbolic spacetime (with some Geroch marking such that S θ = S * θ /(Γ 0 + θ) is the 0-level Cauchy surface) that realizes the given holonomy. Note that M θ is (X θ , Isom + (X θ ))-complete. If M is any (marked) maximal globally hyperbolic spacetime with the same holonomy the above discussion shows that M and M θ have Cauchy surfaces with isometric neighbourhoods, so the spacetimes are isomorphic up to Teichmüller equivalence. If θ is not small we can reduce to the small case by a rescaling argument: apply the above discussion to a small rθ (for a suitable r > 0) and finally consider M θ = (1/r)M rθ . In this way we have justified both points (i) and (ii) of the Geometric Resolution of section 5.
Tameness of (CTF).
Consider X θ and denote C θ its boundary in M 2+1 ; it has the following properties:
(1) C θ is convex and its ortogonal projections to time-like straight lines have absolute minimum value.
(2) The supporting planes at each point p ∈ C θ are either space-like or null and there is at least one null supporting plane.
Infact, if q is not in C θ , there is a null line l passing through q not intersecting C θ ; let P (q, l) the unique null plane containing l; if t(q, l) > 0 is the "first" contact value of the family of null planes {P (q, l) + (0, 0, t)} with C θ , it follows that X θ ∪ C θ is the intersection of the "future" half-spaces with null boundary P (q, l), varying q and l. The last statement of (1) follows from the above property of S * θ with respect to orthogonal projections.
Consider now the (CTF) τ * θ on X θ , which descends to the quotient, giving us the (CTF) of M θ . For any point p ∈ X θ its chronological past in M 2+1 is foliated by the strictly concave hyperboloids
By the properties of C θ there is a value a(p) and a unique point e(p) ∈ C θ (varying continuously with p) of first contact of the hyperboloids with C θ . Thus the segment pe(p) is time-like and τ * θ (p) = d(p, e(p)) where d is the Lorentz distance. The τ * θ -level surface are of the form
They are convex and at each point p ∈ V * c there is a unique support-space-like plane, that is the plane parallel to the tangent plane to
is the initial singularity. This is compatible with the general description of the initial singularity we gave in section 2. The better feature in the present case is that the initial singularity (as well as the universal covering of the spacetime) turns out to be embedded in M 2+1 and its metric structure is the one induced by the embedding. Γ 0 + θ acts on each V * c and the quotient is the τ θ -level surface V c of M θ , which is a C 1 -embedded space-like Cauchy surface, diffeomorphic to F g ; π(F g ) acts also on Σ(X θ ) giving the initial singularity Σ(M θ ) as mere quotient space, but we have to look carefully to this "limit" action of π(F g ) . Trained by the genus 1 case, we now understand that in order to reveal the "hidden" structure we have to analyse the τ θ -asymptotic states.
Σ(X θ ) as an R-Tree and its Dual Measured Geodesic Lamination. Let us summarize a little the situation. We have the initial Minkowskian suspension
In particular, we can take F g as a base locally hyperbolic surface, in the sense of the discussion about the geodesic laminations, we have done in subsection 7.1. On the other hand, we have
We have also Σ(M 0 ) = {0} and Σ(M θ ) = Σ(X θ )/π(F g ) which looks much more complicated. We want to justify the following claim Σ(X θ ) with the metric induced by the standard Minkowski metric is a R-tree endowed with an natural isometric action of π(F g ) ; this action belongs to GT (F g ) and its dual measured geodesic lamination on F g is explicitely (re)constructed by the global geometry of the spacetime M θ .
Let us consider first a very simplified situation, but already containing all the basic facts. Let G 0 be an infinite cyclic subgroup of SO + (2, 1) generated by an element g 0 acting on the hyperboloid I 2 as an isometry of hyperbolic type. To simplify the picture we can assume that the axis of g 0 on I 2 is the geodesic line I 2 ∩ {x 2 = 0}. Then
is locally hyperbolic of infinite area. So it is not exactly of the type we are concerned with, but it doesn't matter. We can also take the corresponding Minkowskian suspension M 0 = I + (2, 2)/G 0 , so that F = {τ = 1} and so on. Now a cocycle for G 0 is very simple as it is determined by one translation θ = θ(g 0 ). For simplicity assume that θ = re 2 , r > 0. It is not hard to see that X θ is now exactly the last example I + (2, 2, r) (with n = 2) at the end of section 3. Σ(X θ ) is the space-like segment [0, r] of the x 2 -axis, clearly it is an R-tree. Its dual measured geodesic lamination on F is simply the unique closed geodesic on F (the image in F of the axis of g 0 ) with weight r. Let us show how the spacetime constructs this duality. The boundary C θ of X θ contains three kinds of points: the points p such that there exists a unique supporting plane of C θ at p and it is (necessarily) null and tangent to C θ ; call this set of points C 1 θ ; the points p having exactly two null supporting planes, C 2 θ ; the points p having more than 2 null supporting planes,
θ consider the Lorentzian (1, 1)-plane Π(p) generated by the two null rays in C θ at p and set
The boundary of {X(p) : p ∈ C 2 θ } is union of some X(q) = Π(q) ∩ X θ , where q ∈ C >2 θ , Π(q) is a (1, 1)-plane generated by two null rays in the boundary of the convex hull of null rays C θ at q. The closure of {X(p) : p ∈ C 2 θ } is a closed subset of X θ foliated by the X(s), so it is a lamination of X θ . Intersecting this lamination with each V * c we get a measured lamination which descending to V c gives a foliated annulus by parallel closed geodesics and with full transverse measure of total mass equal to r. Consider V * 1 and F * = I 2 in I + (2, 2). There is a natural map
where L(p) is the unique point of I 2 such that the tangent plane to V * 1 at p is parallel to the tangent plane to I 2 at L(p). L is an isometry on the complement of the foliated band of V * 1 and sends each leaf of the band isometrically onto the axis of g 0 . Passing to the quotient we get the measured geodesic lamination of F dual to the initial singularity regarded as a real tree. In a sense the annulus that made part of the contruction of the dual real tree, starting from the measured geodesic lamination (see the subsection 7.1), has been materialized on V 1 and in fact the spacetime has performed the inverse duality (from the tree to the lamination). The action of π(F ) on the initial singularity, in such a simplified situation, is trivial.
Let us come back to our actual setting. The above example gives us the local models in the case when the initial singularity Σ(X θ ) is a simplicial real tree, so that the dual measured geodesic lamination on F g is a weighted multicurve (a finite union of disjoint simple closed geodesics, the weight being the length of the dual edges in the tree); in fact V 1 is obtained by cut open F g along these geodesics and inserting annuli like for the V 1 in the simplified example, and so on. Of course Σ(X θ ) is now an infinite tree in C θ as well as the closed geodesics lift to an infinite family of disjoint geodesic lines in I 2 , with an infinity of complementary connected components. These spacetimes with simplicial initial singularity (in the universal covering) are not so hard to figure out, but they are still very significant in view of the density property recalled at the end of subsection 7.1.
The general case runs, verbatim, as in the very simplified example; the closure of {X(p) : p ∈ C 2 θ } (with formally the same definition of the terms) is a closed subset of X θ foliated by the X(s); so it is a lamination of X θ . Intersecting this lamination with each V * c we get a geodesic lamination (with respect to the C 1 -Riemannian metric on V * c ) which projects onto a geodesic lamination on V c . There is a natural map
defined as before, projecting the lamination on V * 1 onto a geodesic lamination of I 2 , which finally descends onto a mesured geodesic lamination on F g , where the measure is naturally chosen in order to realize the duality. If the lamination has some closed minimal sub-laminations, then each V c contains foliated annuli as in the basic example, and L θ maps each leaf of each corresponding foliated band onto one geodesic line. If the lamination has only exceptional minimal sub-laminations, then L θ is actually a homeomorphism. The only technical point to check is that the X(s) really produce a lamination, that is that X(p) = X(q) if p = q; in fact it is not too hard to prove that they are separated by a suitable Lorentzian plane. The cocycle θ can be recovered from this geodesic laminations (that is by the initial dual real tree) as follows: one can work either on V * 1 or on I 2 with the respective measured geodesic laminations; do it with V * 1 : fix a base point p * 0 on V * 1 , chosen out from the support of the lamination, and let p 0 its image on V 1 . If σ is a loop in V 1 based at p 0 representing an element [σ] of π(V 1 ), lift it to the oriented arc σ * in V * 1 starting at p * 0 ; up to homotopy we can assume that σ * is transverse to the lamination. Let f be any continuous R 3 -valued function on σ * which coincides with the unit normal to the leaves of the lamination, tangent to V * 1 , and oriented in accordance with σ * . Now we can integrate f along σ * using the transverse measure getting a vector θ([σ]); repeating it, varying [σ], we get the cocycle (well defined up to conjugation, as usually). Applying to above procedure, using arbitrary arcs σ, we define a map
such that, out from the annuli corresponding to closed minimal sublaminations, it is related to L θ by
Working with I 2 , F g and its measured geodesic lamination we can manage in a very similar way.
Note that in fact we could use any V * c . In a sense, we could say that: using I 2 , F g (and its measured geodesic lamination) we work, in a strict sense, with the initial singularity of the spacetime; using V * c , V c (and its measured geodesic lamination) we reveal the initial singularity by its "dual" large scale effects. In fact we can also renverse the construction, that is start with a measured geodesic lamination on F g and reconstruct a spacetime with the dual real tree as initial singularity.
More geometry of V c . It is clear from the above discussion that the complement U c of the geodesic lamination F c in V c , is smoothly (real analytically) embedded in M θ and it is of constant curvature equal to −(1/c 2 ); moreover it is of constant (extrinsic) mean curvature equal to 1/c. If the lamination has no closed minimal sub-laminations then U c is an open dense set in V c (with a finite number of connected components). If there are closed minimal sub-laminations, the corresponding annuli are also real analytically embedded, they are intrinsecally flat (locally Euclidean), with constant "essential" mean curvature also equal to 1/c (see the discussion on the local models in section 3). As we know, V c is globally
The τ θ -Asymptotic States. It is now clear how to express the asymptotic states in terms of Marked Spectra (see the subsection 7.1 for all the definitions); let l(c) ∈ (R + ) C be the Marked Length Spectrum of V c (with respect to its Riemannian metric); l(F g ) ∈ (R + ) C be the Marked Length Spectrum of the locally hyperbolic surface F g ; λ(Σ(X θ )) = i(F (Σ(X θ )) ∈ (R + ) C be, respectively, the Marked Amplitude Spectrum of the action of π(F g ) on Σ(X θ ), and Marked Measure Spectrum of the dual measured geodesic lamination on F g . Then we have:
This can be checked straightforwardly in the case of simplicial trees (multicurve laminations), then one could get it by a limit process using their density (see the end of 7.1). This means in particular that in a far future the spacetime looks like, more and more, the Minkowskian suspension; nevertheless, if one knows the present value of τ one could determine the good level of accurancy, also in local measurements, in order to eventually reveal the lack of smoothness of the neighbouring V c , if any. We have also established the dictionary: the holonomy determines the geometric time-free structure of a spacetime (including its tame canonical (CTF)); the asymptotic states of (CTF) recover the holonomy "decoupling" the linear part (τ → ∞) and the translation part (τ → 0).
It is clear from the above discussion that each orbit
w.r.t. (CTF) has F g as limit point in T H g for τ → ∞ (if θ = 0, otherwise the orbit reduces to the single point F g ), and the point on the natural boundary represented by F (Σ(X θ )) as limit point for τ → 0. But we can say much more on this orbit. In fact we have: the τ -orbit of the spacetime M θ coincides with the orbit of the Eartquake flow on T H g corresponding to the initial data (F g , F (Σ(X θ )). For the Eartquakes theory see [T4] , [Ke2] . We briefly recall few facts. When the measured geodesic lamination F is a simple closed curve with weight r > 0, the Eartquake flow with initial data (F g , F ) is the classical Fenchel-Nielsen flow. It consists in: vary the transverse measure in its ray; vary the locally hyperbolic structure F (t) in such a way that, for t → 0 we get F g , F (t) is obtained by cutting open F g along the closed geodesic and glueing back again, isometrically, after a "left" (tr)-"twist". "Left" means that if the geodesic is oriented and an arc intersects transversely and positively the geodesic, then the arc sees performing the twist on its left. This "twisting" is the basic modification that leads to the Fenchel-Nielsen parametrization of T H g , giving it also a natural real analytic structure. For a arbitrary (F , µ), we can use the density of simple geodesics to get the flow by a limit process; in fact, the best way to get the flow is working in the universal covering I 2 , with the lifted (F * , µ * ); the idea is to uniformize each "Eartquake" of F g at time t, F (t), by a map
This map, in fact, is obtained by a very similar procedure to the procedure we used to define the above map E θ , and shares many properties of the map L −1 θ (on the complement of the closed minimal sublaminations); in particular E t is continuos and is an isometry on H 2 \ F * . This is the essential reason why the two orbits coincide (posing τ = 1/t). We have also the remarkable fact that:
any Eartquake flow orbit (whence also the orbit of a spacetime) is real analytic (w.r.t. the natural real analytic structure on T H g , see [Ke2] ). Note also that V c in M θ and cF (1/c) have the same lenght spectrum; so, in particular: (CTF) versus the smooth (CMCTF). The last sentence allows to regard (CTF) as a "relaxed" (CMCTF) (a similar fact holds also if F (Σ(X θ )) contains closed minimal sub-laminations, considering the "essential" mean curvature). In fact we could interpret it as a solution of a Hamiltonian system over T g , of the type Moncrief developed starting from the classical (ADM) approach [Mo] ; the main difference is that the conformal factors of this solution, that is the functions (we use the above notations)
are only continuous (and C ∞ almost everywhere); the (rather implicit) Hamiltonian is essentially given by the area of the level space-like surfaces as in [Mo] . So Moncrief's machine works but in a weaker class of regularity than C ∞ . Let us call ρ the Cosmological Resolution of T + Gr (F g ) given by the smooth (CMCTF). As always we have the problem to recover from it the Geometric Resolution, that is the holonomy of spacetimes. The above considerations motivate the following conjecture. Let us denote by W a the level surfaces of ρ. Let l ρ (a) ∈ (R + ) C be its Marked Length Spectrum.
Conjecture (a) lim c→∞ l ρ (c) = λ(Σ(X θ ))
That is (CTF) and (CMCTF) would have the same asymptotic states. There are some further evidences supporting the conjecture; in fact by [A-M-T] integrated with [A] we know that:
(1) ρ is a global time function (i.e. it fills all the spacetime) with image the interval (0, +∞). On the other hand, remember that, for g ≥ 2, the rays of the Teichmüller flow also verifies (ii) but, in general, they do not converge to a boundary point (see [Ke] ). In fact along Teichmüller lines gravity is coupled to particles (see [B-G] ). Using (i) it should be rather simple to show the statement (b) of the conjecture. (a) is certainly more demanding. On the other hand, in view of the naturality of the Eartquakes flow and its very good analytic nature, we could wonder the
Strong Conjecture
For any spacetime its (CTF) orbit and smooth (CMCTF) orbit in T g actually coincide.
8 Genus g ≥ 2 spaces, Λ < 0.
As in section 3 we normalize Λ < 0 so that each spacetime is locally anti de Sitter. In section 3 we have seen how an anti de Sitter suspension can be thought as obtained by a procedure of warping and doubling a corresponding Minkowskian suspension. We generalize this construction to any locally Minkowskian M θ = X θ /(Γ 0 +θ), adopting the notations of the previous section. For t ∈ (−π/2, 0), τ ∈ (0, ∞), set t = −(π/2)e −τ . Denote h(c) the spatial metric on V c . On the manifold F g × (−π/2, 0) consider the metric ds 2 = cos 2 (t)h(τ )/τ 2 − dt 2 . glueing along the two copies at t = 0. In fact D(M θ ) is locally anti de Sitter (with a smooth metric indeed); up to a translation, t is its (CTF); the asymptotic state for t → −π/2 (i.e. the initial singularity) is equal to the initial singularity of M θ ; the final singularity of D(M θ ) (t → π/2) coincides with the initial singularity of M −θ ; at t = 0 the two future asymptotic states of M θ and M −θ "glue" at the level surface of the (CTF) t where the expansion ends and the collapsing begins. The orbit of D(M θ ) in T g is given by the union of two Eartquake rays associated to θ (ponting to the future) and to −θ (towards the past); note that the qualitative behaviour is similar to what we remarked for g = 1. D(M θ ) is the quotient of a domain D(2) θ ⊂ X 2+1 , "deformation" of the Dyamond-shaped domain D(2), as well as X θ w.r.t. I + (2, 2). {(Γ 0 , θ)} is a nice parameter spaces giving a time-free realization of these space of deformed anti de Sitter suspensions. The dictionary with the (CTF) resolution is clear by construction. We omit here to make explicit the corresponding holonomy or to face the question if all maximal, globally hyperbolic, locally anti de Sitter spaces with genus g ≥ 2 space arise in this way; we limit to remark that the above parameter space has the right dimension equal to dim Rep(g, Isom(X 2+1 )) = 12g − 12. A conjecture on the asymptotic states of (CMCTF) can be similarly formulated.
9
(3+1)-Gravity: generalizations, examples and speculations.
The primary aim of this last section is to show, by examples, that (3 + 1)-spacetimes exist with a behaviour of (CTF) similar to the (2 + 1)-spacetimes. At the end we wil indulge in few speculations.
9.1
(3 + 1)-Examples.
Let us start with the (3 + 1)-Minkowskian suspensions we have introduced in section 3. As we know there are three space geometries involved in: H 3 , R 3 , H 2 × R. Assume that the space is compact.
Locally Hyperbolic 3-Space. Fix a compact locally hyperbolic 3-manifold S 0 = H 3 /Γ 0 and let N 0 its Minkowskian suspension. As we told in section 3, after Thurston work on hyperbolic 3-manifolds we know that there is plenty of such a S 0 ; fix S 0 and N 0 as our base manifolds as we have done with F g and M 0 in section 7. If θ is a cocycle for Γ 0 , we could repeat verbatin the discussion of section 7 and finally find a codimension 1 measured geodesic lamination on S 0 representing the initial singularity of the locally Minkowskian N θ . There are two main differences with respect to the 2-dimensional case:
by (geodesic) circles, transverse to the 2-dimensional fibres; hence, in particular S 0 is a Seifert Manifold.
The Minkowskian suspension of F 0 × S 1 covers the Minkowskian suspension of S 0 . Moreover they are fibred by the (2 + 1)-suspensions of F 0 . Now we can apply, fibreby-fibre, the (2 + 1)-theory producing plenty of non trivial deformations of the (3 + 1)-suspensions. The level hypersurfaces of (CTF) may contain both locally H 2 × R-like and locally Euclidean smoothly embedded open subsets. The initial singularity in the universal covering is 2-dimensional and π(S 0 ) acts on it isometrically. Beside the product manifolds, we can get examples of S 0 by taking the mapping torus of an non trivial isometry f : F g → F g for a suitable locally hyperbolic compact surface F g ; F g with non trivial isometry group exists; as it is always a finite group, f is periodic.
It is not hard to figure out anti de Sitter versions of these examples.
9.2
(3 + 1)-Speculations.
All the above examples are Riemann flat. It would be interesting to find, at least, a wide zoo of simply Ricci flat examples with as similar qualitative behaviour of (CTF). Let us start, just to fix the ideas, with a Minkowskian suspension N 0 of a compact locally hyperbolic 3-space S 0 . The right question might be:
which kind of objects on S 0 would play the role of totally geodesic measured laminations in order to find nice Ricci flat deformations of N 0 ?
Good candidates could be the codimension 1 measured laminations (not necessarily geodesic) with some "minimality" property (for example requiring that the leaves are minimal in the geometric sense (null mean curvature) for some Riemannian metric on S 0 , not necessarily the locally hyperbolic one. For example, the direct generalization of the above totally geodesic compact hypersurfaces, would be the incompressible hypersurfaces (that is with injecting fundamental group via the inclusion in the space). Another reason to look at them as good candidates comes from the 3-dimensional Morgan-Shalen theory (we have used the 2-dimensional theory for the natural boundary of the Teichmüller space). Very roughly, this theory produces a boundary for Rep(S 0 , P SL(2, C)) and the boundary points can be interpreted as such measured laminations on S 0 . To be more precise, duality between ("geometric") actions of π(S 0 ) on real trees and geodesic measured lamination is peculiar of surfaces, but one keeps a similar duality relaxing the geodesic requirement an considering, more generally minimal measured laminations. One could wonder that this fact is a relative of the fact that Ricci = 0 implies Riemann = 0 is peculiar of (2 + 1).
